DISCONTINUOUS GROUPS AND ALLIED TOPICS. I
By MAX ZORN* DEPARTMENT OF MATREMATICS, YALE UNIVERSITY Communicated November 22, 1935 The topological theory of discontinuous groups' does not contain the results of the previous theories, not even in the case of transformations without fixed points. In particular it does not give the existence of a fundamental domain as defined by van der Waerden in his report on groups of linear transformations.2
In these notes I intend to show that the introduction of a new axiom, intermediary to metrisability and local perfect separability, is sufficient for a more complete theory with applications to the units in hypercomplex systems and to the characterization of plane translations. The first note contains a preliminary discussion of the new axiom; some covering theorems are derived-(2,3), (2,5)-which are the basis for the special results. In the final paper the new axiom will be replaced by a natural generalization such as to get away from the first axiom of countability. I shall discuss then the relations to other theories of covering (Borel, Chittenden, Denjoy, Lindelof, Menger, Robinson), generalized separability (Haratomi) and development in interval-like systems (AlexandroffUrysohn, Lefschetz, Menger, Moore). Finally I shall determine to what extent the theory of dimension is preserved and enlarged, particularly with respect to the new concept-[1,5]--of "arbitrarily small."
A Hausdorff-space S may be given by a system U of neighborhoods U. Without loss of generality we suppose that each U is a neighborhood of all its points. [1, 1] Any system of open sets equivalent to U is a "defining system." [1, 2] A point p is limit point of a system S or sets T, if each neighborhood of p has points in common with an infinity of T's.
[1,3] A system without limit points is called discrete.
(1,1) A subsystem of a discrete system is discrete. The sum SEs of a finite number of discrete systems is discrete. If to each set T of a discrete system we assign a subset T', the system of all T' forms a discrete system too.
(1,2) The closures (or boundaries) of a discrete system form a discrete system; the closure of the sum E T is the sum of the closures; the TC-£ boundary of the sum is contained in the sum of the boundaries. If the T's are closed (or nowhere dense) the sum has the same property. [1, 4] A system W is covered by a system 3, if to each A there is at least one B containing A. A covering system (with respect to the space in discussion) is a system of open sets covering the system of all one-point sets.
[1,51 Suppose that in a certain class of systems we can always find an individual system covered by an assigned covering system. Then we say that this class contains arbitrarily small systems.
(1,3) E.g., there exist arbitrarily small defining systems. For the subsystem of any defining system, which is covered by a given covering system is defining. in mutually exclusive open sets J, collecting in the same J all points of S-B lying exactly in the same D's.
The system I J} is a discrete covering of S-B; it is covered by Z£.
(1,4) Every point of S lies either in a J or on the boundary of a J. [1, 6] A subset of S is called a piece if it is the closure of an open set.
Then we may say:
(1,5) Each discrete covering system SD of (open) sets D defines a "decomposition" of S in pieces J. The crosscuts of different pieces lie on their boundaries. The pieces form a discrete system; each point lies in a finite number of pieces. The system of the pieces is covered by the system of the closures D.
[1,7] The (finite) set of pieces containing a point p is called the "star" of p (with respect to the decomposition); the interior of the star is an open set containing p.
In the next paragraph we shall introduce a new axiom which guarantees the existence of arbitrarily small decompositions.
[2,1] A defining system U is called "analysing" (later: w-analysing), if to each point p and each U containing p there exists a p-neighborhood V = s (U, p) c U such that every U' which has points in common with V is a subset of U, a finite number U,( U, p) excepted.
Then our new axiom will be:
AXIoM: The space S possesses an analysing systeM. 37 VOL. '22, 1936 [2,2] A space satisfying Hausdorff's axioms and the one just stipulated is called "subanalytic." (2,1) An analysing system U contains a subsystem, which is a discrete covering-system of the space.
This system may be chosen explicitly as the system of all U's, which are maximal, i.e., not contained as a proper subset in any other element U' of U.
Considering [1, 3] we obtain the covering theorem: (2,2) A subanalytic space possesses arbitrarily small discrete coverings.
In general the elements D of this covering will contain smaller U's; if this is not the case one proves by means of the 4-th Hausdorff-axiom that they are one-point-sets. If It is known,3 that this property of S implies metrisability: (2,4) A subanalytic space is metrisable.
One may prove that the union of the sequence Z, is a defining system, such that S possesses a defining system which is representable as the limit of a sequence of discrete subsystems. I propose to denote this by the term "cw-separability."
In various ways one may secure to each covering (9 = { C} another one { C'}, such that the closures C' are covered by XN. Combining this with (1,5) and (2,2) we obtain: (2,5) A subanalytic space possesses arbitrarily small decompositions in pieces. (3,1) A metric space which has arbitrarily small decompositions into pieces is subanalytic. (3,2) Any subspace of a subanalytic space -is subanalytic. (3,3) The fundamental cube of Hilbert space is subanalytic.
(3,4) Every perfectly separable metric space is subanalytic. This is a result of Lefschetz.4 (3,5) If S is locally compact, the elements of sufficiently small coverings have points in at most a finite number of others.
* Sterling Fellow. 1 Baer and Levi, Math. Zeit, 34, 110 (1931). In the preceding note' I have established for a certain class of spaces the 'existence of decompositions into pieces J, such that (a) the open sets J are mutually exclusive, (,B) their sum is everywhere dense, (y) the sum of the pieces 7..( Lp, the star of the point p, contains a neighborhood of p, (5) the pieces form a locally finite system, (e) the pieces and even the stars may be chosen arbitrarily small. It is important that "arbitrarily" refers to any covering of the space S by open sets.
In particular this "decomposition theorem" is true for separable metric spaces. The r6le of these and other decompositions will be studied later2 in connection with generalized separability, generalized metrisability and subanalyticity; in this note we shall be concerned with applications to locally topological mappings and discontinuous groups.
[ Then F shall be the sum of the originals of the (mutually exclusive!) -sets 3 in these topological correspondences. Now let r be a group of topological transformations -y of a space S into
